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Abstract 

Two-dimensional conformally parametrized surfaces immersed in the 
su{N) algebra are investigated. The focus is on surfaces parametrized by 
solutions of the equations for the CP^~^^ sigma model. The Lie-point 
symmetries of the CP^~^ model are computed for arbitrary A*'. The 
Weierstrass formula for immersion is determined and an explicit formula 
for a moving frame on a surface is constructed. This allows us to determine 
the structural equations and geometrical properties of surfaces in ~^ . 
The fundamental forms, Gaussian and mean curvatures, Willmore func- 
tional and topological charge of surfaces are given explicitly in terms of 
any holomorphic solution of the CP^ model. The approach is illustrated 
through several examples, including surfaces immersed in low- dimensional 
su{N) algebras. 

Key words: Sigma models. Lie-point symmetries, moving frame of surfaces, 
Weierstrass formula for immersion. 
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1 Introduction 

Group theoretical methods have proven to be very useful for studying surfaces 
immersed in multi-dimensional spaces and for computing their main geometric 
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characteristics [TJ [21 [1H[S]. It was shown in [SI [3 [HI [5] that the problem of 
Weierstrass immersion of two-dimensional smooth surfaces in multi-dimensional 
Euclidean spaces is related to the surfaces in Lie algebras associated with the 
(£pN-i models. The main feature of this approach is that it allows one to re- 
place the methods based on Dirac-type equations by a formalism connected with 
completely integrable <CP^~^ models. The task of finding an increasing num- 
ber of surfaces is related to choosing a suitable Lie representation of the CP^^^ 
model. Group analysis makes it possible to construct algorithms proceeding 
directly from the equations of the CP^~^ model and without referring to any 
additional considerations. The techniques for constructing two-dimensional sur- 
faces immersed in su{N) algebras, obtained from integrable models, are better 
understood for low-dimensional CP^~^ models. In that case, the geometric fea- 
tures of surfaces so obtained are interesting and the subject of ongoing study. 
A review of recent developments related to integrable models can be found in 

[inidiiiiads]. 

Over the last century and a half, the Weierstrass formula for immersion 
of surfaces in Lie groups, Lie algebras and homogeneous spaces has been used 
extensively in various areas of mathematics, physics, chemistry and biology. We 
now list some of the most important examples. 

In mathematics, the topic is of central importance in the formulation of the 
classical theory of surfaces. In particular, immersions are useful for studying 
surfaces with techniques of completely integrable continuous and discrete sys- 
tems, as well as for the development and application of numerical tools p!^ll5j . 
A description of the monodromy of solutions of Painlevc equations is yet another 
important application [TB] . 

In physics, the concept has numerous applications in, e.g., two-dimensional 
gravity [l^, field and string theory [HI [19], statistical physics (e.g., growth 
of crystals, surface waves, dynamics of vortex sheets, the two-body correlation 
function of the two-dimensional Ising model [20j). fluid dynamics (e.g., motion 
of boundaries between regions of differing densities and velocities [2 11). plasma 
physics (geometry of magnetic surfaces and constant pressure surfaces in various 
fusion devices like tokomaks, stellarators, magnetic mirrors '22]). 

In chemistry, descriptions of energy and momentum transport along a poly- 
mer molecule constitute a significant area of application for the theory of immer- 
sions [27, . In biology, the theory is frequently used in the study of the model 
for the Canham-Helfrich membrane and its continuous deformations [251 126] . 

In general, the algebraic approach to the equations describing surface im- 
mersion has been proven to be very fruitful from a computational point of view. 
In addition, the geometric approach is of primary importance to the deriva- 
tion and characterization of the governing equations for related phenomena in 
physics and other applied sciences. 

This paper follows- up on research in [S], where surfaces immersed in su{N + 
1) algebras obtained via CP^ models were investigated. We generalize the 
results and also correct some formulae. To be precise, the new results presented 
in this paper include the Lie-point symmetry algebra of the <CP^^^ model for 
arbitrary N. We also give new examples of surfaces immersed in the su{N) 
algebra invariant under the scaling symmetries whose Gaussian curvature always 
vanishes. We delve deeply into the geometrical aspects of surfaces in su(3) 
obtained from the CP^ model. For that case, we identify the moving frame and 
the structural equations, as well as the Willmore functional and the topological 
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charge. The main goal of this paper is to provide a comprehensive, self-contained 
approach to the subject. 

The paper is organized as follows. In Section [51 we briefly review some 
basic notions and properties concerning the Euler-Lagrange equations associated 
with the CP^~^ models. In Section [3l we discuss the Weierstrass formula for 
immersion in connection with the CP^~^ model, derive the induced metric and 
compute the scalar curvature. Section [i] is devoted to the Lie-point symmetries 
of the equations of the CP^~^ model for arbitrary N. Section [K] covers the 
analysis of the immersion of surfaces in the su(3) algebra arising from the CP^ 
model. In Section [6] we investigate the Weierstrass aspects for immersion of 
surfaces in the su{2) and su(3) algebras which are associated with the CP^ and 
CP^ models, respectively. Section [7] deals with applications of the Weierstrass 
formula for the immersion of surfaces in the su{2) and su{3) algebras, as well as 
surfaces immersed in the su{N) algebra invariant under the scaling symmetries. 

2 The Euler-Lagrange equations associated with 
the CP^~^ sigma models 

To keep the paper self-contained, we briefly review basic notions and properties 
of the CP^~^ sigma models (see e.g., [10l[27l[28] and references therein). The 
domain of definition for the sigma model is assumed to be an open, connected 
and simply connected set f2 C C with the Euclidean metric 

where ^ and ^ are local coordinates in fl. In the case of the CP^^^ models the 
target space is a (N — l)-dimensional complex projective space <CP-^~^, which 
is defined as the set of all complex lines in C^. The manifold structure on it is 
defined by an open covering 

Z^fe = {[z]| zeC^,Zfe^O}, k^l,...,N, (2) 

where [z] = span{z} and the coordinate maps hk '-Uk ^ C^~^ are defined by 

hk{z)= [—,..., , — . (3) 

\Zk Zk Zk Zk J 

We are interested in maps of the form [z] : il — > CP^^^, which are stationary 
points of the action functional 

S=-({D^z)\D^'z)d^d£,, zt.z=l. (4) 
4 Jn 

Here, 1?^ and C [ji — 1,2) are the covariant derivatives acting on z : Vl ^ C^, 
defined by the formula 

Df,z = 5pZ - {z'^ ■ d^,z)z , (5) 

where 9^ = . The action S does not depend on the choice of a representative 
of the class [z\. As usual, the symbol f denotes Hermitian conjugation, whereas 
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the Hermitian inner product of 2 = (zi, . . . , z^) and w = {wi, . . . , wn) in 
is denoted by 



N 



< z,w >— ■ w ~ 



^ZjWj. (6) 



Introducing 

z^^, l/l = (/^-/)4, (7) 



I/I 

the action functional (jH) can be expressed as 



^ " i X yt^(5/^^^/ + Bppdmd^, (8) 

where 9 and 9 denote the partial derivatives with respect to 1^ and ^, respectively, 
i.e., 

5= i (9) 

The N X N matrix P is an orthogonal projector on the orthogonal complement 
of the complex line in C''^. Therefore, 

P^In- j^f ® P , (10) 

where In is the N x N identity matrix. Since P is an orthogonal projector it 
has the properties 

P^^P, P^^P. (11) 

The map [z] is determined by a solution of the Euler-Lagrange equations 
which are associated with the action In the homogeneous coordinates /, 
the equations of motion take the form of a conservation law 

dK-dK^ = 0, (12) 

where K and K'^ are N x N matrices given by 

K = [Bp, p] = ^(df®p -f® Bp) + {Bp -f-p-Bf), 



(13) 

ift = _idP, P] = ^ (/ ® dp ~Bf® p) + {dp -f-p-Bf) 



Using the projector, the Euler-Lagrange equations (fT^ can also be written 
in the form of a conservation law 

B[BP, P] + B[BP, P] = 0. (14) 

Through explicit calculation one can verify that the complex-valued functions 

J^j^BpPBf, j^J—BpPBf, (15) 

satisfy 

dJ = 0, BJ = 0, (16) 
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for any solution / of the equations of motion . 

Note that the action as well as J and J, are invariant under a global 
U{N) transformation, i.e., / uf, where u G U{N). Due to this invariance, 
without loss of generality, we can set one of the components of the vector field 
/ equal to 1. For instance, /i = 1. Consequently, the CP^^^ model can be 
expressed in one less variable through the relation 

w,-i = ^, i^2,...,N-l. (17) 
Jl 

3 The Weierstrass formula for immersion 

For a given projector P satisfying the conservation law (fTi|l . we give the ana- 
lytical description of a 2D smooth orientable surface immersed in the su{N) 
algebra. This is accomplished by constructing an exact su(N) matrix-valued 
1-form dX for which its "potential," which is a matrix- valued 0-form X, deter- 
mines a surface immersed in the su{N) algebra. Once the 0-form X is calculated, 
we can treat the components of X as the coordinates of a surface in su{N) and, 
hence, we can compute an explicit formula for immersion. In what follows, we 
shall refer to this as the generalized Weierstrass formula for immersion. Next, we 
investigate some geometrical properties of the surface !F in the su{N) algebra. 

In order to construct and investigate surfaces in multi-dimensional spaces 
by analytical methods it is convenient to identify the su{N) algebra with the 
(A''^ — l)-dimensional Euclidean space through the relation 

M^'-i ~ su(7V) . (18) 

For the sake of uniformity, we use the following definition of scalar product on 
su{N) 

< -itr(AB), (19) 

where A, B € su{N). 

Let us assume that the matrix K in ()13p is constructed from a solution 
P of the Eulcr-Lagrange equation (fT4|) defined on some connected and simply 
connected domain 17 C C. According to Poincare's lemma, there then exists a 
closed matrix-valued 1-form, 

dX ^i{KUi + KdC), (20) 

which is also exact and takes its values in the su{N) algebra of skew-Hermitian 
matrices. This means that X is a well-defined su{N) real-valued function on 
and 

dX = iK\ dX = iK. (21) 
It follows from the closedness of the 1-form dX that the integral 

I [{KU^ + KdO^X{^,0, (22) 

is locally independent of the path of integration. As a matter of fact, the integral 
only depends on the end points of the curve 7 in C. 
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The integral defines a mapping 



(23) 



which is called the generalized Weierstrass formula for immersion . 

As a consequence of (pSj) . we can determine a surface T in su{N) from a 
solution / of the Euler-Lagrange equation ([T2|) defined on the domain 17 C C. 

The complex tangent vectors to a surface ^ are given by (|2T|) using (fT3| . 
For the components of the induced metric one gets 



g^^ EE (dX, dX)^-J, g^^ = (BX, dX)^-J, 
g^^ = g^^ = {dX, dX) = q , 



(24) 



where J and J are holomorphic functions defined in ()15p and the quantity g is 
a positive real-valued function given by 
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dfPdf > . 



Thus, the first fundamental form of a surface J-' takes the form 



(25) 



(26) 



Using the Schwartz inequality, it was shown in [HI [7] that this first fundamental 
form ([26]) is positive definite. 

The scalar curvature is given by 



-.B 



2V5 



V9 



-.din 



J 



if J 7^ 



and 



where 



JC = —q ^991ng, 



if J = . 



<? = det(gij) = |J|2-q2 



(27) 



(28) 



(29) 



and the indices i and j stand for ^ and ^, respectively. 

Let us now discuss the existence of certain classes of surfaces in the su{N) 
algebra when the CP^~^ equations are subjected to specific differential con- 
straints (DCs). These constraints allow us to reduce the overdetermined system 
to a system admitting first integrals. Doing so considerably simplifies the pro- 
cess of solving the initial <CP^~-^ equations (HH). Consequently, certain classes of 
non-splitting solutions can be constructed and they provide us with an explicit, 
simplified form of Weierstrass formula for immersion of a surface in su(N). 



Proposition 1 // the complex-valued vector function 

C 9 e ^ fiO e C^\{0} 



(30) 



satisfies both the equations U'2\) for the CP^ ^ model equations and the differ- 
ential constraints 



/t.9/-9/t./ = 0. 



/t . a/ - a/t . / = , 



(31) 
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then the generalized Weierstrass formula for immersion of a surface T in the 
su{N) algebra has the form 

A ■ f f®dP -jdf^ ■ f)P df®f^-{f^-df)P - 
where P — Im — P ■ The first fundamental form is given by 

where Ji and Ji are holomorphic functions, 

which satisfy 

a Ji = , a Ji = , (35) 
whenever 112\) and iSll) hold. 



Proof If we append the two DCs in ([31]) to the CP^ ^ equations ([T2|) then the 
matrices K and in (fT3|) . become 

J^i^ = yt^(/^5/t-a/®/t). (36) 

Hence, the Weierstrass formula for immersion takes the form 



. f /®a/t-9/®/t df®p_-f®Bp - 
= V, + FTT (3^) 

On the other hand, from p^ . we are able to deduce that the matrix K can be 
decomposed as 

K = M + L, (38) 

where 

M = {I^ P)dP , L = ^dP{I - P) . (39) 

It can be shown that the matrices M and L satisfy the same conservation laws 
([T^ as the matrix if, e.g., 

dM = (9Af ^ , dL = ait (40) 



Note that the two conservation laws in (I40p arc not independent since M and 
L differ by a total divergence, 

M = L + dP. (41) 
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Taking into account the overdetermined system composed of the conservation 
laws (fT^ and DCs (^1]) for the function /, the matrices M and L become 

¥1 ' ¥1 ' 

L.- , L,- . (42) 

As a consequence of the conservation laws (jlU]) for the matrices Mi and Li, the 
Weierstrass formula for immersion ()22p takes the following simple form 

J 'y 

P-f ' P-f 



7 



or 



. , f^dp- {dp ■ f)p , Bf®p- (/t . df)P ^- 

^ / JUJ + TtTT (44) 
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respectively. As a consequence of (PT|) . pS)) and it can be shown that 

the two different Weierstrass data {Li,l\) or {Mi,m\) correspond to different 
parametrizations of the same surface J- in the su{N) algebra. 
In this case, the quantity J takes the simple form 

dp ■ df f p-df \' - dp ■ Bf ( dp-f \^ 

Using the conservation laws and DCs (|3ip for the function /, we find that 
Ji is a holomorphic function, e.g., dJi — whenever (|12p and (|3ip hold. As a 
consequence of (jH]) and (jH]), the components of the induced metric are 

J J Bp ■ df {Bp-f){p-df) 
m = -Ji > m = -Ji > = -jY—j (jt . /)2 — ' (46) 

which completes the proof. □ 

Note that the complex-valued vector function C 9 ^ ^ /(^) G C^\{0} 
is a holomorphic {Bf = 0) solution of the CP^^^ model (fT^ if and only if 
the generalized Weierstrass formula for the immersion of a surface !F has the 
skew-Hermitian form 

X{^,0 = -^P(^MN). (47) 

If / is holomorphic, i.e., Bf — 0, then by virtue of equations ([39|) and the 
differential consequences of the identity {In — P)P ~ 0, we obtain 

Af = , BPP = 0. (48) 

Using the differential consequences for the projector P, we get 

BPP^O, PdP^O, 
Bp = PBP, dP = dPP . (49) 
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Substituting pS)) into p^ . we obtain 



K^-dP, K^ = -dP. (50) 

Hence, the Weierstrass formula for immersion ()22p of is expressed in terms 
of the projector P and is a skew-Hermitian matrix given by (j47|. This result 
coincides with the one obtained in |29j . 

The converse is also true. Indeed, if we assume that the Weierstrass formula 
for immersion ([22]) of is a projector P then the differential of X leads to 
([50]) . Using the differential consequences of the relation P^ ~ P, we obtain the 
relations (j49|) which lead to M — 0. In view of equations ((39|) . this implies that, 
in the generic case, solutions of the CP^~^ model (fT2|) must be holomorphic. 

Also, note that in the case of the holomorphic solutions of the CP^^^ model, 
the corresponding complex- valued function (|15p vanishes, i.e., 

J=j^dpPdf = 0. (51) 

An analogous statement can be made for anti-holomorphic solutions (9/ ~ 
0) of equation p^. For this case, we have 

L = 0, PdP^O, dPP = 0. (52) 

Hence, from (IT51) . the matrices ii' and K'' become 

K = dP, = dP. (53) 

Finally, one can see that the Weierstrass formula for immersion of !F is the 
skew-Hermitian form 

X{^,O^^P^MN). (54) 



4 The Lie-point symmetries of the CP sigma 
models 

In this section, we present the explicit formulae for the Lie-point symmetries 
of the CP^^^ model for arbitrary N. To do so, we first compute the 
symmetries for the CP\ CF^ and CP^ models. We then generalize the results to 
the CP^~^ case by induction. For the computation of the Lie-point symmetries, 
we search for the most general (point) transformations of the independent and 
dependent variables which leave the solution set of (fT2|) invariant. Locally, such 
transformations are given by a vector field of the form 30j 

where rj^, rj^, $j and <I>| are functions of ^, ^ and the affine coordinates wi,il!i, 
. . ., wn-1tWn-i- According to the symmetry criterion '30], the second pro- 
longation of V acting on (fT2|) must vanish on the solution set of (fT2|) . This 
requirement leads to the so-called determining equations, whose solution yields 
the functions r]^, , $j and <I>^. 
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Generating the determining equations is entirely algorithmic. Reducing 
and solving them can be done fully automatic with sophisticated software, or, 
perhaps more reliably, by interactively adding information extracted from the 
simplest determining equations before computing the full set. Many software 
packages have been written to perform Lie symmetry computations. In-depth 
reviews of such packages can be found in [3TJ [351 [331 IMj ■ 

For low dimensions, e.g., for iV < 4, we did the computations independently 
with SYMMGRP.MAX and by hand. For the latter, we took advantage of the 
discrete symmetries of the model. For the CP^~^ models with > 4, after 
eliminating all single-term determining equations and their differential conse- 
quences, we were left with several hundred of determining equations. Using 
SYMMGRP.MAX interactively, these determining equations were further re- 
duced and eventually completely solved. 

We now discuss the Lie-point symmetries of the CP^^^ models for A = 2, 3, 
and 4, separately. 

The equations for the CP^ model, expressed in terms of the homogeneous 
coordinate wi defined in (|17p , are given by 

ddwi — ^^^dwiBwi = , ddwi — ^^^dwidwi — , (56) 

Ai Ai 

where Ai — I + wiwi. The general solution of the determining equations asso- 
ciated with vector field is given by 

= aiWi + PiWi + 7i , 

where 77^ and are arbitrary functions of ^ and ^, respectively and ai, (3i and 
71 are arbitrary constants. Thus, the corresponding symmetry algebra Ci is 
spanned by five generators, namely 

A3 = widw^ + du,^ , 
A4 = wid^^ - widwi , 

A5 - d^, + w^d^, . (58) 

The algebra Ci can be decomposed as a direct sum of two infinite-dimensional 
simple Lie algebras and the su{2) algebra generated by {A3, A4, A5}, i.e., 

Ci = {All ® {A2} ® su{2) . (59) 

Likewise, in terms of homogeneous coordinates wi and W2 in ()17p . the equa- 
tions for the model read 



ddwi — 


2wi „ ^ 

— — OWiOWi — 

A2 


-Y-[dwidw2 - 
A2 


\- dwidw2) 


= 0, 




ddw2 — 


——OW2UW2 - 

A2 


—^{dwidw2 - 
A2 


\- dwidw2) 


= 0, 




ddwi — 


2wi ^ _ T _ 

— — OWiOWi — 

A2 


—^{dwidijj2 - 
A2 


h dwidw2) 


= 0, 




ddw2 — 


——OW20W2 - 
A2 


—^{dwidijj2 - 
A2 


h dwidw2) 


= 0, 


(60) 
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where A2 = 1 + wiWi + W2W2- Upon integration, the determining equations 
yield 

= kiWi + k2WiW2 + kiWi + ^5^2 + ^6 , 
$2 — k2W2 + kiWiW2 + k3W2 + kjWi + /C8 , 

$J = k^Wi + kg,wiW2 — k^wi — kjW2 + ki , 

$2 = ksW2 + k(iWiiv2 - k3W2 - k^wi + k2 , (61) 

where fc^ (i = 1, . . . , 8) are arbitrary constants. The associated symmetry alge- 
bra £2 of (pn|) is thus spanned by the following ten generators: 

x.^-n^Od, X2^rf{0d, 

X3 ^ Widiui + WiW2dn,2 + , 

Xi = WlW2dwi + Widy,^ + dyj2 , 

X5 = W29„2 - W2dw2 , 

= wid^^ - widwi , 
Xr = W2dnj^ " widw2 , 
Xs = dio^ + w^dwi + wiW2dw2 , 

Xg = Widni2 - W2dwi , 

XlQ = dni2 + WiW2du,i + W2dni2 ■ (62) 

As in the previous case, the symmetry algebra C2 can be decomposed as a direct 
sum of two infinite-dimensional simple Lie algebras and the su(3) algebra. 
In like fashion, in terms of wi, W2 and W3 in (|17p . the equations for the CP^ 



model 


are 












ddwi 


— awiowi — 

A3 


-^[dwidw2 - 
^3 


\- dwidw2) — 


—^{dwidw3 - 
^3 


\- dwidw3) 


= 0, 


ddw2 


^dw2dw2 - 

A3 


-^{dwidw2 - 
A3 


1- dwidw2) — 


^{dw2dw3 - 
^3 


\- dw2dw3) 


= 0, 


ddw3 


^dw3dw3 - 

^3 


^{dwidw3 - 
^3 


\- dwidw3) — 


^{dw2dw3 - 
^3 


1- dw2dw3) 


= 0, 


ddwi 


2101 o - - 

— OWiOWi — 

A3 


—r^{dwidw2 - 
^3 


\- dwidw2) — 


—r-idH) I dij}3 - 
^3 


\- dwidw3) 


= 0, 


dd'W2 


—OW2OW2 — 

A3 


-^{dwidw2 - 
A3 


\- d'Widw2) — 


^{dw2d'W3 - 

A3 


t- dw2dw3) 


= 0, 


ddwz 


- ^^dil)3dw3 - 
^3 


-^{dwidw3 - 
A3 


\- dwidw3) — 


^{dw2d'W3 - 

A3 


\- dw2d'W3) 


= 0, 



(63) 

where ^3 = I+W1W1+W2W2+W3W3. After straightforward but long calculations 
the determining equations yield 



= CiWi + C2W1W2 + C3W1W3 + C7W1 -I- C10W2 + C11W3 + C4 , 
$2 = C2U'2^ + C1W1W2 + C3W2W3 + C13W1 + C8W2 + C12W3 + C5 , 
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4>3 = C^wi + C1W1W3 + C2W2W3 + C14W1 + Ci5'W2 + C9W3 + C6 , 
$1 = C^iUi + C5W1W2 + - C7W1 - Cy3'W2 - CmW^S + Cl , 

$1 = C5lD2^ + C^W\W2 + C6W2?«3 " Cio?«l - C8?«2 - CisWa + C2 , 

$2 = _|_ C47D1W3 + 0577)2^3 - ciiwi - C12W2 - cgwa + C3 , (64) 

where ci (i = 1, . . . , 15) are arbitrary constants. Hence, the generators corre- 
sponding to the symmetry algebra £3 of (|63p are given by 

X.^rj^Od, X2^rj^iOd, 
Si = w^dwi - Widwi , 

3 
3 

Zi = wldwi + ^ WiWjdwj + , (65) 

where z,j = 1,2,3. From S'i, l^i and Zi we get nine generators; from Ty we 
obtain six generators. The symmetry algebra £3 can be written as a direct sum 
of two infinite-dimensional simple Lie algebras and su(4). The results for the 
low-dimensional cases reveal an emerging pattern: the symmetry algebra is a 
direct sum of two infinite-dimensional Lie algebras and a finite-dimensional one. 
Furthermore, the finite-dimensional part of the symmetry algebras for the CP^, 
CP^ and <CP^ models are associated with the sm(2), su(3) and su(4) algebras, 
respectively. 

We now turn to the <CP^^^ model for arbitrary N . In homogeneous coor- 
dinates Wi, the equations are 

2w - 1 

ddwi — - — —dwidwi — > 'Wj{dwidwj ~\- dwidwj) = , 

A-N-i An-1 

2m- - 1 ^'^ 
ddwi — - — —dwidwi — y Wj{dijJidwj + dwidwj) = , (66) 

where i — 1,2, iV — 1 and A^^i = 1 + J^i' ^ WiWi. 

By induction, it can be shown that the symmetry algebra Cn-i of 
generated by 

X,=ri\Od, X2 = v\0d, 

Si = W,dw, - Widni, , 
Tij = Widwj - Wjdnj, , j 7^ j , 

N-1 



Af-l 

Zi = wldwi + ^ mwjdwj + , (67) 
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where i,j — 1,2, ...,N — 1. Furthermore, it can be shown that the symmetry 
algebra Cm-i is a direct sum of two infinite-dimensional Lie algebras and the 
su{N) algebra, i.e., 

Cn-i^{Xi}®{X2}®su{N). (68) 
Finally, we consider two limiting cases: 

1. liwN-i then the CP^^^ model reduces to the CP^"^ model. Also, if 
all iV — 2 homogeneous coordinates vanish, then the CP^^^ model reduces 
to the CPi model. 

2. If Wi ^N-i for i = 1, . . . , — 1, then the CP^~^ model reduces to the 
CPi model. 

Hence, in the CP^ case, we have a significant simplification. 



5 Immersion of surfaces into the six(3) algebra 
arising from the CP^ sigma model 

In this section we explore the metric aspects of surfaces immersed in the su(3) al- 
gebra associated with the CP^ model. From the properties of the Hermitian ma- 
trix dK we determine explicitly a moving frame on a conformally parametrized 
surface in R*. We also derive the corresponding Gauss- Weingarten equations 
expressed in terms of any holomorphic solution of the CP^ model. This in- 
vestigation is a follow-up to earlier work It allows us to communicate 
our new insights into the subject, as well as to present additional geometric 
characteristics of surfaces obtained from the model. 

The assumption that the set {wi, W2} is a holomorphic solution of the equa- 
tions for the CP^ model implies that the quantity J in vanishes. The 
induced metric on T given in is then conformal. In the CP^ case, the 3x3 
projector matrix in pop reads 

I ( ^ Wl W2 \ 

P = /a - ^ wi wiwi W2W1 , (69) 

\ W2 W1W2 W2W2 J 

where I3 is the 3x3 identity matrix. Assume that we are dealing with the 
generic case. That is, where the projector P is a solution of the Euler-Lagrange 
equations ()60p such that the induced metric g has a non-vanishing determinant 
in some neighbourhood of a regular point (^OjCo) € ^ C C. Further assume 
that a conformally parametrized surface J-', given by (j22p and associated with 
the CP^ model is described by a moving frame on T in 

f=(7yi=aA,772=9A, 773,...,778)^, (70) 

where superscript T stands for transpose. Here, the vectors 771, . . . , 773 are iden- 
tified with 3x3 skew-Hermitian matrices through the isomorphism (|18p . Fur- 
thermore, assume that the vectors form an orthonormal set, 

{V3,Vk) = Sjk, j,k^l,...,8, (71) 
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where Sjk is the Kronccker delta. Due to the normahzation of the su(3)-valued 
function X on f2, we can express the moving frame in (|70p on in terms 
of the adjoint SU{S) representation. In the neighbourhood of a regular point 
P — (Coi ^o) G C an orthonormal moving frame f on J- satisfies 

772 = ie^ (j)'' y+(j) , 

Vj^^^sjcb, J =3,..., 8, (72) 

where it is a real- valued function of ^ and ^. The function in ([7^ belongs to 
SU{3) and can be decomposed into the product of three SU{2) factors, i.e., 





(73) 

where at, bi i — 1,2 are complex- valued functions of ^ and ^, subject to the 
constraints la^p -I- = 1 and a, (p are real- valued functions of f , f S C. Here, 
the set {si, . . . , sg} forms an orthonormal basis of the Lie algebra sm(3) {e.g., 
the so-called Gell-Mann matrices [H]) given by 






(74) 

0/ 

These matrices satisfy the following trace condition 

tr(siSj) = -2<5ij. (75) 
We also introduced the following notation 

y+ = ■^[si + ts2) = 

\ u u u 

'(76) 

As a direct consequence of the moving frame ((7^ we get 

(0ty_0)t =0ty^^. (77) 

Note that, over the space M, the set y+} spans the same space as {si, S2}. 

Requiring that the parameterization of a surface be conformal leads to 
the following conditions: 

g^5 = (aX,aX) = -ie"tr(y_)2 = 0, 

g^-^-=(aX,aX) = -ie"tr(y+f =0, 

g^^ = {dX, dX) = ^e"tr(y_y+) = ^c" , (78) 
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and 

(dX,^,) = ~iettr(y^Sj) = 0, 

idX,Vj) = -^e^tr(y+Sj) = 0, 

iV3,Vk) = -^tr(sjSk) = (5jk, (79) 

where j, fc = 3, . . . , 8. Thus, we have the following proposition. 

Proposition 2 In the adjoint SU(3) representation, the moving frame {72^ 
of a conformally parametrized surface T is described in terms of holomorphic 
solutions {'Wi,W2} of the CP^ equations i60\) by the formulae 

(5 /3 7 \ / S wiS W2S 

rji = ( wi6 wi(3 u;i7 , 772 = (3 wi/3 W2/3 | , (80) 

iju2S W2(i W27 / V 7 wil W2J 



u 



= ln(-^), (81) 
A2 



where we define 



S — widwi + W2dw2 , 

P = wiW2dw2 - (1 + \w2\'^)dwi , 

7 — iBiW2dwi — (1 + \wi\'^)dw2 , 

p = \dwif + \dw2f + \w2dw1 — widw2\'^ ■ (82) 

Proof Using the polar decomposition of the SU{3) group given by ([75)) . and 
calculating the products in the frame ([7^ . yields 

-ai6i sin^ a — 61 sin a C — 61 sin a /i 

771 = ie* I X ai sina xC X 
ly ai sma v C, v p 

-ai6i sin^ a xaisina z/aisina \ 

772 =iet| -foisinaC xC ^ Q , (83) 
-hi sin a p. x ^ M / 

where 

X = —aib2 — a2bie'^'^ cos a , C = ^ ^1^2 + 01026""^ cos a , 

/i = 0261 + 01626""^ cos a , J/ = 0102 — 61626*'^ cos a . (84) 

Comparing ((50)) with ([55)1 we obtain an underdetermined system of eight equa- 
tions for nine unknown functions Oi, bi S C, i — 1,2 and a, (/s, m G M. This 
system has a unique solution up to a U{1) transformation. In other words, the 
phase e^^ remains arbitrary. 

A straightforward algebraic computation gives a^, bi and a in terms of the 
fields wi and W2 for the CP^ model. Explicitly, 



^2 sma ^2 sma 
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e^'f dw2{w2dwi ~ widw2) e'^^dwi{w2dwi — widw2) 

a2 = : , 02 = 



p sm a cos a p sm a cos a 

+ |9W2P 2 IW29W1 — I 

, COS a = 

P P 



. 2 |5wip + |5w2p 2 |W29W1 - wi5w2p 
sm a — , cos a = , (85) 



with u as in (|5T|) and 

« - e-^ . (86) 

W2OW1 — W1OW2 

With the above, we can determine the moving frame (|72p on J- , expressed in 
terms of the wi and W2 , in the required form (|80p . That ends the proof since 
by direct computation one can check that the compatibihty conditions, i.e., 
ddX = Box, for ^ are trivially satisfied. □ 

Remark: The explicit expressions for the complex normals 773, . . . to this 
surface immersed in su(3) have been calculated. However, the resulting expres- 
sions (in terms of wi and W2) are rather involved. A specific example is given 
in Appendix A. 

The real- valued function u given by (I55|) represents the total energy 127] of 
the CP^ model defined over S*^, since 

u = 21n(|Dz|2 |Z)zp) , (87) 

holds. 

Using the components of the induced metric (j26p . we can write the nonzero 
Christoffel symbols of the second kind as 

Tl, = ^dq, Vl^^-dq. (88) 



In this case, q defined in (l^5|) . becomes 

|9wip + |9w2p + \vj\dw2 — W2dw\\^ 



2(l + |wi|2 + |u;2P)2 



(89) 



Finally, taking into account ((7T|) . (175)) and ([7^ . the moving frame (1701 on 
T satisfies the following Gauss- Weingarten equations 

d'^X = ^dX + J^ry^ , 
ddX = Hj^j , 

= -2-^-{H.jdx + jj-ax) -f s'^fer^fc , (90) 



and 



where 



B^X = ^BX + J,m , 
q 

BBX = HjTij , 
42 _ 

ar;^ = ^2-^{JjdX + iJj-aX) + 5jfc77fc , (91) 



J3 = -\tr{d^^vi) > Hj = -itr(aaX77j) , (92) 
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and 

Sjk + Skj = , S,k + Skj^O, J ^ fc = 3, . . . , 8 . (93) 

The Gauss-Codazzi-Ricci equations, which are the compatibiUty conditions 
for (|90p and ([9T|l . coincide with the equations of the CP^~^ model. However, 
the expHcit forms of the coefficients Hj and Jj depend locally on the chosen 
orthonormal basis {773, . . . , ryg} of the space normal to the surface at a given 
point p — (Coi^o) S X- Note that quantities Hj and Jj are not completely 
arbitrary. Using ([75|) and the fact that J = 0, it becomes clear that the complex 
tangent vectors have to satisfy the following differential constraints 

{d^X ,ddX)^0, {B^X ,ddX)^0. (94) 

For any holomorphic solution {wi,Wi) i = 1,2 of the CP^ model, we com- 
puted explicitly the form of the first and second fundamental forms, I and //, 
and the mean curvature vector 7i of a conformally parametrized surface at 
some regular point p = {^0,^0) G X. They are 



II = l^d^X - -J dXj de,^ + 2ddXd^d^ + l^d'^X - dX j d^ 

n = "^ddX , (95) 

respectively. The second derivatives of the Weierstrass representation X can be 
computed from 

One can also compute some of the global properties of surfaces associated 
with the CP^ sigma model, using the well-known formulae (see e.g., [36 l I37 j ). 
For instance, for any set of holomorphic solutions {wi, Wi), i — 1,2, of the CP^ 
model, the Willmore functional assumes the form 

W = -'ii [ -[dP,dP]^d^d^, (96) 
Jn 9 

whose values depend only on the fields and their derivatives on the boundary 
dfl of the open set il. 

Under the above assumptions and provided that the CP^ model is defined 
on the whole Riemannian sphere S'^ , the topological charge becomes 

If the above integral exists, then it is an integer which globally characterizes the 
surface. 



6 The Weierstrass formula for immersion of sur- 
faces in the su{2) and su{3) algebras 

In this section we apply the general idea of Weierstrass representation of surfaces 
given in Section [3] to two specific cases, namely, the CP^ and CP^ models. 
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For each case, we first find the concrete form of the generalized Weierstrass 
representation of surfaces associated with these models and then we give the 
corresponding Weierstrass data for the holomorphic solutions. 

It is known [ElEj that, with the projector P given by (fTU|) . one can compute 
explicitly the formula for immersion ()22p in terms of the complex fields Wi of 
the equations of motion of the model. 

We start with the case N — 2. The orthogonal projector P and matrix K 
are then given by 

P = h^^( 3 ^ , (98) 



Wl WlWl 



and 



K 



w\dwi) 
- widwi 



(99) 



widwi — widwi —{dwi - 
Ai V {dwi + wldwi) widwi 

where, as usual, wi is the homogeneous coordinate defined by (|17p . Based on 
the expression of the matrix K for the CP^ model, the Weierstrass data follows 
from (PO]) . In order to obtain real- valued 1-forms we decompose dX given in 
(|20p into its real and imaginary parts, 



So, 



dX^ = ^ 
dX^ = 



dX = dX^ +idX^ . 

[K^ - K)di + {K - K^)d^ 
{K^ + K)dC +iK + K^)dC 



(100) 



(101) 



It is easily seen that dX^ is skew-symmetric and dX^ is symmetric. Realizing 
that the 2D surface associated with the CP^ model is immersed in the su{2) 
algebra, the two real- valued 1-forms can also be expressed in terms of the Pauli 
matrices. Since dX^ is skew-symmetric and dX^ is symmetric, the 1-forms can 
be represented as 



dX^ = idX2(J2 , dX'^ = dXiCTi -(- dX^a^ 
where cri , 12 and 173 are the Pauli matrices 



0"! = 



0-2 



-i 

1 



0-3 = 



1 

-1 



(102) 



(103) 



After substituting the matrix K from into (jlOip and comparing the result 
with ()102p . it is easy to see that the real- valued 1-forms dXi, i = 1,2,3, can be 
expressed in terms of the solutions of the Euler-Lagrange equations of the CP^ 
model. Indeed, 



1 



dXi = „ 
2A? 

dX2 



(1 - wl)dwi - (1 - wl)diui d^ + c.c 



dX. - 



2A{ 



(1 + wl)dwi + + w\)dwi 



d^ — c.c. 



widwi — widwi 



d^ + c.c. 



(104) 
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where "c.c." denotes the complex conjugate. In fact, these real-valued l-forms 
constitute the generalized Weierstrass formula for immersion for the CP^ model. 

Now, we further restrict ourselves to the holomorphic solutions of the CP^ 
model. This restriction is necessary if the model is defined on S'^ with a finite 
action pT. Using holomorphic solutions, dXi, i = 1,2,3, can be reduced into 

dXi = - d ( — — — I d^ + c.c. , 



dX2 
dXs 



a(!!l^lde-c.c. 



Ai 



d^ + c.c. 



Integration gives 



Xi 



Wi + Wi 

2Ai 



Xo 



.Wi — Wi 



X. 



Ax 



(105) 



(106) 



where the constants of integration are set to zero. 

It is well-known that the 2D surface associated with the holomorphic solu- 
tions of the CP^ model is the surface of a sphere [17]. Confirmation of that 
result follows from ()106|1 . Indeed, upon elimination of wi and wi, we obtain 



xl + xl 



(107) 



So, all points of the 2D surface lie on the surface of a sphere of radius 1/2 
centered at (0,0,-1/2). 

We now consider the case N = 'i. The corresponding orthogonal projector 
P is given in (|69p and matrix K — —irj2 with 772 in ([5n| . Since the 2D surface 
associated with the CP^ model is immersed in the su(3) algebra, the two real- 
valued l-forms, dX^ and dX'^ , obtained by decomposing dX = i{K^d£_ + Kd^) 
into real and imaginary parts, can be expressed in terms of the orthonormal 
basis of the Lie algebra su(3). Keeping in mind that dX^ is skew-symmetric 
and dX^ is symmetric, the real- valued l-forms are given by 



dX^ = dX2S2 + rfXgSg + dX^SQ , 

dX'^ = i{dXiSi + dXsSs + dX^s^ + dX-iSj + dXs,ss) 



(108) 



where the Gell-Mann matrices Si, i = 1, . . . , 8, are given in ([7^ . 

Using K = —irj2 and comparing (jlOip with ()108|1 . it follows that the real- 
valued l-forms dXi, i = 1, . . . , 8, can be expressed in terms of the solutions of 
the Euler-Lagrange equations of the CP^ model as 



dXi = 



dX2 = 



1 



2^0 



[(^2 — Wi){widw2 — W2dwi) — {w^ — w\){widw2 — W2dw\) 



-W2dw\ -f W2dw\ — W\dw2 -t- W\dw2\dt^ -f c.c.^ , 

\{w\ + w\){w2dw\ — W\dw2) -I- {w\ -I- w|)(?i'29wi — W\dw2) 



2Ai 



-fW29wi -f W2dwi — widw2 — widw2]d£_ 
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dX: 



—72 { \_W2dw2 — Wxdwi - V!2dv!2 + Widwx 
2A2 ^ 

+2\wif {w2d'W2 — W2dw2) — 2\w2f {widwi — wid'Wi)]d£, + c.c.^ , 

dX^ = ( [widiBi + W2d'W2 — iuidwi — iU2dw2] d^ + c.c^ , 

2A.2 ^ ^ 

* /"r.. 2 , I .. |2\Q„., , /I , „.,2 , 1 ., |2\ 



dX5 = -—^{[{l + w( + \w2\')dwi + {l+wi + \w2r)dwi 
2A2 ^ 

+ {W2d'W2 — 'W2dW2){w\ — Wi)\d^ — c.c.^ , 

dXQ = ^-^([{l + wl + \wi\'^)dw2 + {l^wl^\wi\'^)dw2 

2A2 ^ 

+{widw\ — W\dw\){w2 — ^2)]^^ ~ c.c.^ , 

dX^ = ^([{l-wl + \w2\^)dwr-{l-iBl + \w2\^)dwi 
2A2 ^ 

+ {'W2d'W2 - W2dW2){Wi + Wi)] rf^ + C.C.^ , 

dXs = -]-^([il-wl + \wi\^)dxB2-{l-wl + \wi\^)dw2 
2A2 ^ 

+{widwi — widwi){w2 + W2)]d£, + c.c.^ . (109) 

These eight real- valued 1-forms constitute the generalized Weierstrass formula 
for immersion for the CP^ model. 

Remark: Note that the reflection transformations in independent or dependent 
variables and their complex conjugates preserve the form of the CP^ model. 
So does the generalized SU{2) transformation. Indeed, if the complex- valued 
functions 77,1 and U2 arc sohitions of the CP^ model, then the complex-valued 
functions wi and W2 defined by the generalized SU{2) transformation, 

a^ui — b'^U2 — V2ab 



V2{abui +abu2) + jap - |fe|2 ' 

-b'^Ui + a'^U2- V2ab 

W2 ^ —p= — = , (110) 

V2{abui + abu2) + \a\^-\b\^ 

for a, 6 G C such that |ap -|- |6p = 1, are also solutions of the CP'^ model. 

These transformations can be used to restrict the range of parameters ap- 
pearing in the explicit form of sohitions of the CP^ model. They allow one to 
simplify the Weierstrass representation. 

Again, we restrict ourselves to the holomorphic solutions of the CP^ model. 
In that case, the eight real- valued 1-forms dXi, i = 1, . . . , 8, are 

dXi^ - d ( — 1 + c.c. , 



d^ - c.c. 



,^ I ^ I W1W2 - W1W2 
dX3 = - d\ — '—^ — ] d^ + c.c. , 
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dXe 
dXs 



V3 „ 



W2 



A. 



+ c.c. . 



' f W2-W2 1 ,^ 



( Wi+Wi 

^d[^-^]d^ + c.c.., 
--d^-^]dC + c.c.. 



(Ill) 



Ignoring integration constants, after integration we obtain 



Xr^ 



'W1W2 + Wi'W2 



2A2 

'wi\ 



Wl + Wl 

2A2 ' 



W2 



X2 = i 



X. 



WIW2 — 

2X2 ' 

.Wl — Wl 



2A2 



X3-- 



\Wl\ 



\W2 



2A2 
.W2-W2 



2 A, 



W2 + W2 
2A2 



(112) 



which determines the coordinates of the radius vector X = (Xi, . . . , Xg) of a 
two-dimensional surface in M^. 

Note that in the limiting cases Wi w/\/2, « = 1,2, or wi — > 0, or W2 — > 
0, the generalized Weierstrass formula (I109|) for immersion of the CP^ model 
reduces (after straightforward manipulations) to the generalized Weierstrass 
formula (|104p for immersion of the CP^ model. Consequently, the coordinates 
of radius vector X in ()112p for the holomorphic solutions of the CP^ model 
then reduce to the coordinates of X in (|106|) for the holomorphic solutions of 
the CPi model. 

When dealing with the 2D surface associated with the holomorphic solutions 
of the CP^ model, all points lie on the afFinc sphere, 



2 

71' 



^X'i + + + -^X^ + + X| + X| + X| = . 



(113) 



It is straightforward to show that the coordinates of the radius vector (|112p 
satisfy (fTT^ . 



7 Examples of surfaces associated with the CP^ ^ 
sigma models 

Using elementary examples, we will illustrate the concept of constructing sur- 
faces associated with the CP^^^ model. 



7.1 Examples of holomorphic solutions of the CP^ sigma 
model 

From the form of the CP^ model, it is readily seen that the holomorphic func- 
tions are solutions of the CP^ model. We now concentrate on the following class 
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of holomorphic solutions of the CP^ model: 

wi = a^r , W2 = a2C , (114) 

where oi and 02 are complex constants and m and n are real constants. For 
holomorphic solutions J — Q and the induced metric is conformal. Using the 
solutions in (|114p . that metric is given by 

I^P(l + |aiPieP" + |a2P|CP»)2 ^ 
The Gaussian curvature K. is computed from ((25)) . After simplification, 

_ ^ 2|aip|a2|Wn^(m - + |aip|^P" + |a2p|eP")^ ^^^g^ 

(|ai|2|^|2m(j„2 4_ |a2|2(TO - n)2|^|2") + |2n2 |^|2"' 

In general, /C is not constant. However, /C is constant for certain values of ai, 
02, m and n. For example, if the second term in (|116p vanishes or equals to a 
constant, then the surfaces associated with the holomorphic solutions pi4p of 
the CP2 model will have constant Gaussian curvature. This happens when 

(i) fli — 0, 02 0, rn = 0, n = and m = n or a combination thereof. For 
these choices the second term in pi6p vanishes; or 

(ii) n = 2m and |ai|2 = ±2|a2| simultaneously. The second term in (|116p then 
reduces to a constant. 

Not surprisingly, constant Gaussian curvature occurs when ai = or 02 = 
because the CP2 model then reduces to the CP^ model. Hence, the surfaces 
must have constant Gaussian curvature. 

We now consider a case of constant Gaussian curvature surfaces associated 
with specific holomorphic solutions (|114p of the CP2 model. For simplicity, we 
take 

wi = e, ^2 = ^?'. (117) 

The first fundamental form and the Gaussian curvature then are 

'=(^TW'^'^"' 

/C = 2. (118) 

Upon substitution of pi7p into (|112p . the coordinates of the radius vector X 
become 

' (2+|e|2)2' 2 (2+|^|2)2' 3 2(2+|e|2)2' 

^ . (g^-f) ^ _ 2(e + o ^ _ (e' + ?) 



|^|2)2' ' (2+|e|2)2' ' (2+|eP)2- 

Of course, the above coordinates satisfy the relation pi3p . Hence, the surface 
associated with the specific solutions (I117P of the CP2 model is an afhne sphere. 
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7.2 Mixed solutions of the CP^ sigma model 

In this subsection we analyze the mixed sohitions of the CP^ model and give 
the first fundamental form, Gaussian curvature and the Weierstrass data for a 
specific example. It is well-known [27] that if the CP^ model is defined over S"^ 
and the finiteness of the action ([5]) is required, then the solutions of the CP^ 
model split into three cases: holomorphic solutions, anti-holomorphic solutions 
and mixed ones. Among these, the mixed solutions can be constructed either 
from the holomorphic or anti-holomorphic solutions according to the following 
procedure [61127]. 

Consider three arbitrary holomorphic functions gi — gi{^), i ~ 1,2,3, and 
define the Wronskian 

Gij = gidgj - gjdg^ , i = 1, 2, 3 , (120) 
based on any pair. It can be verified that the functions 

3 

f^=Y,9kGk^, i= 1,2,3, (121) 

are solutions of the CP^ model. The mixed solutions are associated with the 
ratios 

wi^^, W2 = ^. (122) 

J3 J3 

Likewise, mixed solutions can be obtained from anti-holomorphic solutions 
by using d instead of d. 

We now continue with the holomorphic functions 

ffi = 1 , 52 = sech(^) , g3 = tanh(0 • (123) 

Using the above procedure, the mixed solutions of the CP^ model are 

wC-Cn tanh(0 + tanh(£) 

= tanh(^ , W2 = rJW , 124 

2 sech(4) -I- sech(4) 

which are of soliton-typc. These fields satisfy the equations of the CP^ model. 
J = for this case, as can be readily verified. Hence, the induced metric is 
conformal and given by 

i = T- — hr-T^'^^'^^- (125) 

1 + cosh(4 -I- ^) 

Note that holomorphicity of the solutions of the CP^^^ model implies that 
J = 0. The converse is false as seen from the above example (|124p . 

The Gaussian curvature is computed from the formula given in (|28p (since 
J = 0) and found to be 

/C = l. (126) 

After substituting the solutions p24p into (|109p for the CP^ model, the Weier- 
strass representation becomes 



dXi = - ^J''"lf^_^,, dC + c.c., dX6=i 
1 -I- cosh(4 -I- 4) 



'^"^^(^"^ -de-c.c. 



1 + cosh(^ + 



1 -I- cosh(4 + 4) 
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and 

dX2 = 0, dX3 = 0, dXi = 0, dXs = , dXs ^ . (128) 
Integrating (|127p . we obtain the coordinates of the radius vector X: 

Xi — sech ( ^— !— ^ I cosh ^ 



. 2 y V 2 

Xq = i sech ^^-^^ sinh 
Xr^- tanh (^^^^ ' (129) 

They satisfy Xf + Xg + Xj — 1. Hence, the constant Gaussian curvature 
surface associated with the sohton-hke solutions (|124p of the CP^ model is 
really immersed in which, in turn, corresponds to the immersion of the CP^ 
model into the CP^ model. 

7.3 Examples of surfaces in the su{N) algebra 

We briefly discuss the non-splitting solutions {wi,Wi), i — 1, . . . , N — 1 of the 
(j^pAT-i niodel invariant under the scaling symmetries {Si} as given in ((S7|) . To 
do so, we subject system (|66l) to — 1 algebraic constraints 



w^m = D,eM., i = l,...,N-l. (130) 
If, for simplicity, we choose Di — 1, then the simplest solutions of this type are 



i^l,...,N-l, (131) 



where P; and Pi are arbitrary complex-valued functions of one complex variable 
each. Substituting p3ip into (|66p . we obtain a class of non-splitting solutions 
of the CP^^^ model which depend on one arbitrary complex- valued function 
of one variable ^ and its conjugate. Indeed, 

where Cj, Cj are complex constants and 

V' = ±- + 27rm, meZ. (133) 
3 

For brevity, from now on we suppress the subscript 1 and also the arguments 
of the functions P and P. For this class of non-splitting solutions, the induced 
metric gij has the following components 

jV-3(P0^ _ jV-3(P0^ _ 2iV-3 |Pf 

where prime denotes differentiation with respect to the argument. The deter- 
minant of the induced metric then is 

3(iV-2)|P'|4 
9 = Y^WW- (135) 
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Two interesting examples occur when = 2 or iV = 3. For N ~ 2, the 
determinant of the induced metric vanishes. Hence, the associated surface for 
the CP^ model, subject to the DCs in (|130p . reduces to a curve in R^. For 

= 3, the diagonal components of the induced metric vanish (since J = 0). 
Hence, we have a conformal metric for the CP^ model subject to the DCs in 

From P7|) and (|28p it is straightforward to show that the Gaussian curvature 
vanishes for the associated surfaces of the CP^~^ model {N > 3), subject to 
the DCs (|130p . Thus, we conclude that for > 3 the surfaces associated with 
solutions of the CP^^^ model, which are invariant under dilations, always have 
zero Gaussian curvature, i.e., 

/C = 0. (136) 

Finally, let us give the coordinates of the radius vector X for the non-splitting 
solutions of the CP^ model. After substituting the non-splitting solutions (1132p 
of the CP^ model into the Weierstrass representation ()109|) and subsequent 
integration, the coordinates of the radius vector X in are 

X3 = i ((1 - i V3)lnF + (1 + i\/3)lnF) , 
X4 = -i((i + \/3)lnF+(-i + V3)lnF) , 



5 



6Vi\F\ 



2 



Xe = -^\F\-'^'\c'F + c'F\F\'^^^), 

.\Z 



6^/3|c|■ 



i{F^ - F^) 
6%/3|P|2 



X' 



7 



Xs = |Pr2-"'(c2p-c2p|Pp'V3)^ (137) 



6%/3|c 



where ip is given in (|133p and c is a complex constant. The corresponding first 
fundamental form is immediately obtained from (|134p for A'^ = 3 and given as 

2 IP'P 

^=3^^^^^^ (138) 

Note that the components of the radius vector X in (I137P satisfy the following 
relations 

X? -t- X^ = Xl + X^ - Xl + Xi^^. (139) 
Eliminating the functions F and F in (|137p we obtain 

6V3|c|2 ^ 
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6V3|c|2 ^ 
X, = --i=cosQ(V3X3+X4)) , 

6V3|c|2 ^ ^' 

Xi = -^sin(^^(V3X3 + X4)) , 

= -4 e-("+")^"'(c2e"-c2e"e*^(''+")), (140) 

6\/3|c|2 ^ ^' ^ ^ 

where V is given in (|133p and v ~ |(1 + i\/i){Xy, + 1X4). The surface is 
parametrized in terms of X^ and X4. Now, the corresponding first fundamental 
form becomes 

I^^-{dXl + dXl). (141) 
Note that this is just the real form of p38p when — Xj, and = X4. 



8 Summary and concluding remarks 

The objective of this paper was to revise and expand on theoretical results in 
[B] concerning surfaces related to the <CP^~^ sigma model. In addition, we 
gave a comprehensive summary of geometric properties and corrected mistakes 
in [S]. For example. Proposition 4 in [B] concerning the structural equations 
for the model (where only the holomorphic solutions were assumed), has 
been restated as Proposition 2. In doing so, we covered in greater detail the 
geometrical aspects of surfaces immersed in the su{N) algebra. Furthermore, 
we have derived the formulae in terms of explicit functions in the CP^^^ model, 
which makes the results in [B] more transparent and useful. 

We also computed the Lie-point symmetries of the <CP^~^ model equations 
for arbitrary N . The resulting symmetry algebra is decomposed as a direct 
sum of two infinite-dimensional simple Lie algebras and the su{N) algebra. 
Using the Lie-point symmetries, the method of symmetry reduction can now be 
applied to find solutions which are invariant under subgroups of SU{N) with 
generic orbits of codimension one. In |38j . this analysis was carried out for 
N = 2. The obtained invariant solutions are complicated expressions in terms 
of elliptic functions. As was shown in [38], for some cases the reduced ordinary 
differential equations (ODEs) can be transformed into the standard form of 
the P3 Painleve transcendent. Matters get worse when N > 3. Although the 
reduction can still be carried out, the resulting ODEs are coupled and do not 
appear to be separable. One can prove the existence of solutions but 'how to 
find them' remains an open problem. 

For the CP^ model, we characterized the immersion of surfaces in the su(3) 
algebra. Explicit formulae were found for the moving frame, the structural 
equations (Gauss- Weingarten and Gauss-Codazzi), the first and second funda- 
mental forms, the Gaussian, the mean curvatures, the Willmore functional and 
the topological charge. These quantities are expressed in terms of holomor- 
phic fields of the CP^ model. The theoretical concepts have been illustrated 
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with various examples. We also have shown that non-degenerate afhne surfaces 
in M.^ associated with the CP^ model arc afhnc spheres. Finally, wc discussed 
dilation- invariant solutions of the CP^^^ model, holomorphic immersion of sur- 
faces associated with CP^ models, and mixed soliton-type solutions of the CP^ 
model and its corresponding surfaces. 
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Appendix A 



In this Appendix we give the exphcit form of the vector normals, 

T]j = j = 3,...,8, 

to the surface immersed in the su(3) algebra. The general expressions are too 
complicated to be useful. Instead, we consider the case of a 2D surface associ- 
ated with the CP^ model with solution ()117|) . 

We present the normals in the equivalent matrix form. 

The first normal is 



V3 = <t>^s-i(l) = irjfj 



where 



with Tj (j = 1, 



The second normal is 



where 



4 





4(|CP-1) 




_ 2^(4 + |epri) 3 _ 2er5 




2C(4 + |^pr, 




7 


3 4 + |e|4(5 + |^pr2) 

'722 — t^2t^2 ' 
i 1 i 2 


viz 


4C(icp-i; 


) 


3 2fr5 


vh 


- 1 


) 

1 


3 ieP(4-ICpr|) 

%3 — t^2t^2 ' 
t 1 i 2 


1,.. 


. , 5) defined as 












j = 1, . . . , 5 . 



4 _ 2V3e 4 _2V3_^" 

^713 — 2 ' '721 — ^2 ' 

i 2 i 2 

4 2V3f 4 _4V3| 

'731 — T^2 ' '732 — T^2 ' 



„4 



r2 



The next one is 



V5 = 0^S5(/) = 



(142) 



(143) 



'733 = ^^^- (144) 
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where 



„5 



Vl3 — Z/0/9-, n 2 ' '?21 



„5 



2(e3»^^2 _ ^-2)(2 + |^|2r^) ^ _ 2^1(2^3 + e3^'^e(2 + l^pFi)) 



'?22 — i7i7rT"2 ' %3 — 



^5 



2p/2)(g3.^^3_2^ri) 5 _ 2vf(2e3^^^3^C"(2+|e|2ri)) 



%1 — --/•■^/2)p^p2 ' %2 

l^irirl 



^(3/2)rir2^ '-"^ ^(3/2)rir2^ 



Normal % is given by 



r]6 = 4>^s&(t) = ie ^rjfj , 



where 



^6 



2 



„6 



^(3/2)(4g3i^P^ ^ |^|2^-2pg) ^ ^ 2p/2)(2-e3'^e' + 2|C|^) 



'?13 ~ ;^^'^/9-iT^ T^2 ' %i ~ 



^6 



e(-V2)rir2' ' y/^FiT 



2 



„6 



_ p/2)(4 + 4|e|^ + e3^^|eP^'r3) 6 2p/^)(2 + e3'^g 2r^-) 

e(3/2)rir| ' "^'2" Vfr^ 

i li 2 

Normal 7/7 is given by 
where 

7 _ 2|^|(e3^v-C^+f) 7 _ Vf(4e3''^e^ri-f (2 + lel^ri)) 

Fi ' ' 

7 2e(3/^)(e"3 + 2e3'^gri) 7 _ v/^(4$"^ri-e3'^C'(2 + |Cpri)) 

^13- e(3/2)rir22 ' "^^^ Verirl 

, _ 2(e3'^g^+g2)(2+|^pri) , _ 2v^(2g3_ ^3.^^(2 +|Cpri)) 

%2 i^ij.^j.2 ' %3 el3/2)r,r22 

7 2p/^)(e3'^^3^2gri) 7 _ 2vf(2e3^^e'-g"(2+|epri)) 

'^31- e(3/2)r^r| ' ^(3/2)rir| 



l^iriF; 
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The last normal is given by 



V8 = 4>^ss4> = e '^ril 



where 



^(3/2)^4g3^vp^ _ |^|2^-2r3) g 2^(3/2) (2 + (^'^ e + 2|?| 



2^ 



^31- e(3/2)rir| ' vfr^Tl ' 

J- li 2 
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